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I n t q r a t i q  u t r i c e a  a l l w  t h e  r f f i c i m t  a d  accurate imtqretio. oY 
f u n c t i o n r  whore v a l u e r  are g i v e n  m m e r i c a l l y  on  a d i r c r e t e  0.t of arid 
point.. 'Lhey alro form t h e  baaicr o f  a n  eCCic ient  n u c r i c a l  p rocedure  fat 
r o l v i n g  d i f f e r e n t i a l  e q u a t i o n r  a r a o c i a t e d  w i t h  t h e  d y n r i c r  of rotating 
beams. By e x p r e r t i q  t h e  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n 8  o f  mo t ion  i n  wttix 
n o t a t i o n ,  u t i l i a i n g  t h e  i n t e g r a t i n g  m a t r i x  a0 a s p a t i a l  o p e r a t o r ,  and  
apply ing  t h e  boundary c o n d i t i ~ n r ,  t h e  r e s u l t i n g  o r d i n a r y  d i f f e r e n t i a l  q u a -  
t i o n 8  can  b e  c a s t  i n t o  s t a n d a r d  e i g e n v a l u e  f o r r  upon a s s u p t i o n  of t h e  u r u a l  
t i e  dependence. An o r i g i n a l l y  developed,  t h e  t e c h n i q u e  ha8  beea l i m i t e d  t o  
beaus having  con t inuous  mass and s t i t f n a s s  p r o p e r t i e r  a l o n g  t h e i r  Iengthu .  
This  r e p o r t  ex t ends  i n t e 8 r a t  i n g  m a t r i x  methodr t o  treat t h e  d i f f e r e n t i a l  
e q u a t i o n s  yoverning  t h e  f l a p ,  l ay ,  o r  a x i a l  v i b r a t i o n 8  o f  r o t a t i n u  b a r 8  
a l s o  h a v i w  concen t r a t ed  messes. I n c l u s i o n  o f  c o n c e n t r a t e d  masses is shown 
t o  Lead t o  t h e  s a u e  k ind  o f  s t a n d a r d  e i p e n v a l u e  problem as b e f o r e ,  bu t  w i t h  
s l i g h t l y  modif ied m a t r i c e s .  
INTRODUCTION 
Ihe equa t ions  of  motion gove rn ing  t h e  v i b r a t i o n s  and s t a b i l i t y  o f  
r o t a t i n d  beams such  a s  h e l i c o p t e r  r o t o r  b l a d e s  have  no  c losed-form so lu -  
t i o n s ,  and approx iuiate methods of s o l u t  i o n  such a s  a sympto t i c  t e c h n i q u e s ,  
G a l e r k i n ' s  method, o r  d i r e c t  n l r ae r i ca l  i n t e g r a t i o n  must b e  employed. A 
n u w r i c a l  procedure based on t h e  w e  of  i n t e g r a t i n g  - t r i c e s  ( r e f s .  1 and 2)  
hor been 2mployed t o  s o l v e  f o r  t h e  v i b r a t i o n s  and s t a b i l i t y  o f  a wide 
v a r i e t y  of r o t a t i n g  bean c o n f i y u r a t i o n s  s l t h  cont inuous  mas8 d i s t r i b u t i o n s  
( r e f s .  3 and 4 ) .  The i n t e g r a t i n g  m a t r i x  p rov ides  a  meatis f o r  n m e r i c a l l y  
i n t e ~ r a t i n g  a  i u n c t i o h  t h a t  i s  expres sed  i n  term8 of  t h e  v a l u e s  o f  t h e  
f u n c t i o n  a t  a set  of  d i s c r e t e  g r i d  p o i n t s  i n  t h e  i n t e r v a l  of i n t c r e r t .  
Recent work ( r e f .  5 )  h a s  removed t h e  p rev ious  r c r t r i c t i o n  t h c t  t h e  y r i d  be  
uniform, and a r b i t r a r y  increments  i n  t h e  independent  v a r i a b l a  e r e  now 
p e n u i t t e d .  By exp res s ing  t h e  equsc ions  of  motion of  the r o t a t i n g  be- i n  
m a t r i x  n o t a t  :on, u t i l i z i n g  t h e  j n t e g r a t i n g  m a t r i x  a s  i n  o p e r a t o r ,  and  
app ly ing  t h e  b @ w d r i y  cond i t  i c n r ,  t h e  result in^, o r d i n a r y  d i ' c f e r e n t i a l  
e q u a t i o n s  can  bc  c - j t  i c t o  s t a n d a r d  e i g e n v a l u e  f o r r .  S o l u t i o n 8  c a n  t h e n  b e  
derennincd by d tdndatd  methodr. 
As o r i g i n a l l y  formulated ( r e f .  1) t h e  i n t e g r a t i n g  m a t r i x  method 
requ i res  t h a t  the  mass and s t i f f n e s s  d i s t r i b u t i o n s  of t h e  bean be a t  least 
piecewise cont inuous a long  t h e  l e n g t h  o f  t h e  be=. Subsequent f p p l i c a t i o n e  
of the  method ( r e f s .  2, 3 and 4) e r e  t o  continuous beams. I h e  important  
case  i n  which one o r  more concen t ra ted  masses a r e  loca ted  a long  t h e  beam is  
excluded. Reference 5 a l lows t r ea tment  of diecont inuous  c o e f f i c i e n t s  i n  t h e  
governing equa t ions ,  but  no t  t h e  c a s e  of concen t ra ted  masses. A s  a  number 
of s i t u a t i o n s  of i n t e r e s t  involve  r o t a t i n g  beams with concen t ra ted  meaeeo, e  
need e x i s t s  t o  extend t h e  p r e s e n t  f o r r n u l e t ~ o n  o f  t h e  i n t e y r e t i n g  m a t r i x  
technique.  
Th i s  r e p o r t  d e s c r i b e s  g e n e r a l i z a t i o n s  of t h e  i n t e g r a t i n g  m a t r i x  method 
required t o  t r e a t  r o t a t i n g  beams with concentra ted  masses a t  a r b i t r a r y  posi- 
t i o n s  along t h e i r  lengths .  I n c l u s i o n  of  concen t ra ted  masses i s  shown t o  
lead t o  a  standard e igenvalue  problem of t h e  same form a s  be fo re ,  but  wi th  
s l i g h t l y  modified mat r i ces .  To provide  a  framework f o r  t h e  g e n e r a l i z a t i o n  
and t o  s e t  n o t a t i o n ,  the  fo l lowing s e c t i o n  w i l l  b r i e f l y  review t h e  
i n t e g r a t i n g  mat r ix  method f o r  v i b r a t i o n s  of  r o t a t i n g  beams wi th  cont  inuous 
mass and s t i f f n e s s  d i s t r i b u t i o n s .  
REVIEW O F  THEORY FOR BEAMS WITHOUT 
CONCENTUATED MASSES 
Let m(x) (0 < x < a )  d e s c r i b e  the  continuous mass d i s t r i b u t i o n  of t h e  
r o t ~ t i n g  bean. Consider f i r s t  t h e  c a s e  of v e r t i c a l  ( f l a p )  bendi ,~g.  Let 
w(x, t )  be the displecement a t  pos i t ion  x  and time t of t h e  beam normal 
t o  t h e  plane o t  r o r a t i o n .  Then, w(x,t :  is  3 s o l u t i o n  t o r  O < r < L o f  t h e  
p a r t i a l  d i f t e r e n t i a l  equation ( r e f .  4 ) :  
a a 
where ' = -, = -, E I  i s  the  bending s t i f f n e s s ,  fi i s  t h e  r o t a t i o n  
a x  a t  
speed, and the  t ens ion  T  i s  given by: 
- M u m  
w#rorrOuAun 
A8sociate.i boundary c o n d i t i o n 8  f o r  t h e  c l a p a d - f t a a  b e r  are: 
W(0,t) - ' d ' (0 , t )  ' 0 
and 
To oC;ain t h e  so -ca l l ed  " f u n d r ~ e n t a l  d e r i v a t i v e "  w", e q u a t i o n  (1 )  m y  be 
formal ly  i n t e g r a t e d  tw ice  t rom x  t o  I u s i n g  t h e  boundary c o e d i t i o n 8  i n  
equa t ion  (4). This  g i v e s  
Equation ( 5 )  can n w  be conve r t ed  i n t o  crn i n t e g r a l  e q u a t i o n  f o r  t h e  
fundanen ta l  d e r i v a t i v e  through u s e  o t  t h e  r e l a t i o n s h i p s  
and 
As a t i r s t  s t e p  toward e x p r e s s i n g  equa t ion  (5) i n  m a t r i x  e i g e n v a h e  
furla, Let xO, XL , . . . , x b e  S + 1 g r i d  p o i n t s  a l o n g  t h e  beam such  t h a t  N 
Spacing between gr id  p o i n t s  m s t  be non-zero, but  need n o t  be uniform. 
Also,  l e t  t h e  N + 1-by+ + 1 i n t e y r a t  i n g  m a t r i x  on t h i r  g r i d  be deno ted  by 
[L) ( r e f .  5 ) .  Then, i f  { f )  i s  a  v e c t o r  g i v i n g  t h e  v a l u e s  >f a f u n c t i o n  
f ( x )  a t  t h e  N + 1 g r i d  p o i n t s ,  t h e  a c t i o n  o f  [L] on i f )  can  be  w r i t t e n  i n  
t h e  g e n e r a l  form 
where i = 0  1 2 . . . , N. 'Ihis r e l a t i o n ,  e q u a t i o n s  ( 6 )  and (71, and t h e  
boundary c o n d i t i o n s  o f  e q u a t i o n  ( 3 )  now a l l o w  v and w'  t o  b e  re- 
expressed  i n  terms of t h e  f u n d a m n t a l  d e r i v a t i v e  d' th rough  t h e  m a t r i x  
e q u a t i o n s  
where f w), ( w ' ) ,  and {w") a r e  column v e c t o r s  g i v i n g  t h e  v a l u e s  o f  t h e  
r e s p e c t i v e  f u n c t i o n s  a t  t h e  N + 1 g r i d  p o i n t s  xOs xl, ..., X ~ *  
To d e a l  w i t h  t h e  i n t e g r a l  i n  e q u a t i o n  (51 ,  which goes  from x t o  L 
r a t h e r  than o t o  x, a s l i g h t l y  modif ied  i n t e g r a t i n g  m a t r i x  is r e q u i r e d .  
Let [ I J  be t h e  N + 1-by+ + 1 i d e n t i t y  m a t r i x  and l e t  [B1] be t h e  N + l-by- 
N + 1 m a t r i x  
Then, a s  
the  m a t r i x  
ORIGINAL PAQE IS 
OF POVi QUALITY 
is t h e  r e q u i r e d  i n t e g r a t i n g  m a t r i x  on t h e  g r id  f rom x t o  L, id., 
where i = 0, ..., N + 1. 
A s s m e  t h e  u s u a i  t i n e  dependence  
- 
.. 
s o  t h a t  v '  = v '  k t  and  w = A *  = e Y t .  S q u a t i o n  ( 5 )  becomes 
E v a l u a t i n g  e q u a t i o n  ( l b )  a t  t h e  N + 1 g r i d  p o i n t s ,  u s i n g  t h e  i n t e g r a t i n g  
w a t r i c e s  (Lj and LJ 1 a s  o p e r a t o r s ,  and  e x p r e s s i n g  t h e  r e s u l t i n g  e q u a t i o n s  i n  
s t a t e  v a r i a b l e  form l e a d s  t o  t h e  e i g e n v a l u e  problem 
where 
Thr 2N + 2-by-2N + 2 m e t r i c e s  [GI and [HI i n  e q c a t i o n  ( 1 7 )  h a v e  t h e  
t u n c t i o n a l  forms 
ORIGINAL PAW IS 
OF POOR QUALITY 
where t h e  N + l-by-N + 1  macr ices  (c,, 1 and [ H I Z ]  a r e  f u n c t i o n s  o f  t h e  beaa 
p roper t i e s  and the i n t e g r a t i n g  matr ix ,  and [o]  is  t h e  N + l-by-N + 1 zero  
matr ix  
Eigenvalue problems f o r  t h e  in-plane ( l a g )  v i b r a t i o n s  and e x t e n s i o n a l  
( a x i a l )  v i b r a t i o n s  of a  r o t a t i n g  beaa a r e  der ived i n  a n  analogous manner 
( r e f .  4 ) .  
I NCL US ION OF CONCENTRATED MASSES 
This s e c t i o n  d e s c ~ ~ b e s  genera l  i a a t  ions  of t h e  i a t e y r a t  i n g  mat r ix  method 
requ i red  t o  t r e a t  , o t a t i n g  beams wi th  concen t ra ted  masses. The c a s e  of 
i n t e r i o r  conrrr i t ra ted  masses i s  t r e a t e d  f i r s t .  'Ihe boundary mass s i t u a t i o n  
( a  tip-mass f o r  t h e  c lanped-free  beam) i s  t r e a t e d  by applying a  c o n s i s t e n t  
l i m i t i n g  procedure t o  t h e  i n t e r i o r  mass case.  Flap, l ag ,  and a x i a l  v i b r a -  
t i o n s  are  t r e a t e d  separdcely  f o r  convenience o f  d isr -uss ion.  
I n t e r i o r  Masses. 
Consider t h e  e f f e c t  of s s i n g l e  cor.ce?ltrated mass o t  magnitude M 
located a t  pos i t ion  x = 5, o  \ 5 \ a on t l ~ e  f l a p ,  lag ,  and a x i a l  v i b r a t i o t l s  
o t  a r o t a t i n g  beam. This e n t a i l s  no l o s s  o t  g e n e r a l i t y  s i n c e  t h e  e f t e c t s  of 
mul t ip le  concentrated masses may be comr~uted separa f  -!y and then  srlmmed t o  
o b t a i n  an aggregate  t ' t t e c t .  In what t c ~ l l o w s ,  t h e  t o t a l  mass d i s t r i b u t i o n  of 
the  beam ( d i s t r i b u t e d  plus concen t ra ted)  w i l l  be  denoted by ~ ( x ) .  ' b u s ,  i f  
6 ( x )  1s t h e  usual  Dirdc d e l t a  func t ion  and m(x) again  deno tes  the  d i s -  
t r i b u t e d  mass 
ORIGINAL PAGE IS 
OF POOR QUALlTV 
Ver t ica l  (Flap) Vibrat ions.  The motion of t he  r o t a t i n g  b e a  wi th  con- 
- -
cen t r a td .  inboard maas i r  r t F ? i  governed by equation (1) i f  m it# replaced 
by the  t o t a l  mars d i s t r i b u t i o n  u. Further ,  ar o < 6 < L, t h e  boundary 
condicionr of equations (3)  and (4) s t i l l  hold. Ihur ,  the  de r iva t ion  of 
equation (5) remains va l id  i f  m is replaced by . The Dirac l e l t a  
function has the property t ha t  
Equation ( 5 )  now becomes 
where 
A r a m i n g  a solut ion of the form u ( x ,  t )  = =(x) e gives as t h e  analogue of 
equation ( l o )  the equation 
The ef fec t  of the coticentrated mass M a t  x 6 en te r s  equation ( 2 5 )  only 
through the  add i t  lve terms 
and 
wi th  t h e  remainder  of e q u a t i o n  (25) b e i n g  e x a c t l y  t h e  sane as i n  the 
prev ious  c a s e  of d i s t r i b u t e d  mass o n l y .  
To e x p r e s s  e q u a t i o n  ( 2 5 )  i n  m a t r i x  form, a g a i n  c o n s i d e r  t h e  d i s c r e t e  
g r i d  of N + 1 p o i n t s  
where 5 need not  c o i n c i d e  w i th  a g r i d  p o i n t ,  and l e t  [L] be  t h e  
i n t e g r a t i n g  m a t r i x  on  t h i s  g r i d .  Consequent ly ,  when e q u a t i o n  ( 2  5 )  i s  
eva lua t ed  a t  t h e  g r i d  p o i n t s  and exp res sed  i n  m a t r i x  form, t h e  r e s u l t i n g  
e i g e n v a l u e  problem i n  s t a t e  v a r i a b l e s  w i l l  have  t h e  form uf e q u a t i o n  (17 )  
wi th  modif ied m a t r i c e s  
and 
where [G1 ] and [ H 1 2 ]  a r e  t h e  same m a t r i c e s  a s  i n  r e l a t i o n s  (19 )  and (201, 
A A 
and lb l l  1 a r d  [ r i l 2 ]  a r e  N + 1-by+ + 1 m a t r i c e s  which g i v e  t h e  v a l u e s  a £  
Gl ( x , ~  ) and H1 ( x , ~  ) a t  t h e  N + 1 g r i d  p o i n t s .  
?r A The p r i n c i p a l  d i f f i c u l t y  i n  d e r i v i n g  (Ll j and l H 1 2 j  is t h a t  b o t h  
CJl ( x , ~  ) and H1 ( x , ~  i n v o l v e  3(5) b u t  5 need n o t  b e  a g r i d  p o i n t .  
However, t h i s  problem may be overcolw by u s i n g  an  i n t e r p o l a t i o n  formula  
( ruch  a s  h g r a n g e  i n t e r p o l a t i o n )  on t h e  g r i d  w i t h  coef f icientr t h a t  depaab 
only  on F and t h e  g r i d  p o i n t s ,  xo, . . . , XN. I n  p a r t i c u l a r ,  t h e  
c o e f f i c i e n t 8  should not  depend on va lues  of t h e  func t ion  t o  be i n t e r p o l a t e d  
a t  t h e  g r i d  p o i n t s .  The i n t e r p o l a t i n g  expres r ion  w i l l  t h u r  b e  o f  t h e  form 
For example, i f  an  Mth o r d e r  Lagrange i n t e r p o l a t i n g  polynomial on t h e  r u b r e t  
o f  g r i d  p o i n t s  x , x  
Y Y + 1 '  
..., x is  chosen, where x C x < 6 
Y + M  0 Y 
< x < x then  i n  e q u a t i o n  (30)  Y + M  N '  
a  0 f o r  k  < Y  o r  k  > Y + Il 
while f o r  Y < k < Y+M 
By choosing M s u f f i c i e n t l y  l a r g e ,  e  .g., M = 7, t h e  r e s u l t i n g  i n t e r p o l a t i n g  
polynomial gives a  high degree  of  accuracy wi thout  t h e  need t o  c l u s t e r  g r i d  
p o i n t s  around C .  To u s e  equa t ion  ( 3 0 )  i n  t h e  p resen t  c o n t e x t ,  l e t  LA4 J 
be the  N + l-by+ + 1 mat r ix  with ik-th element 
i . e . ,  [Ac 1 has i d e n t i c a l  rows arrd each row has a s  elements t h e  s u c c e r s i v e  
coef f  i c i e n t s  i n  t h e  i n t e r p o l a t i n g  forrnula ( 3 0 ) .  Pre-mu1 t i p l y i n g  (3 by 
[AE 1 ,  equat ion (33)  now immediately shows 
Some c a r e  must be t aken  i n  d e f i n i n g  a m a t r i x  t h a t  g i v e s  t h e  e f f e c t  a t  
t h e  g r i d  p o i n t s  of  m u l t i p l y i n g  by t h e  d i scon t inuour  func t ion  I)F(X) which 
changer  from u n i t y  t 
r u b i n t e r v a l  
080 t h a t  € liea i n  the  
Then, i f  @1 ir  t h e  N + 1-by+ + 1 d i a g o n a l  m a t r i x  w i t h  d i a g o n a l  
e n t  r i e a  
t h a t  is, 
t h e n  { I) g i v e s  t h e  v e c t o r  al v a l u e s  ,of t h e  f u n c t i o n  f ( x )  
a t  t h e  g r i d  p o i n t s .  However, i t  s h o u l d  b e  no ted  t h a t  pCJ ( I )  doe. n o t  
e x p l i c i t l y  r e f l e c t  t h e  non-zero v a l u e s  o f  D (x)  f ( x )  o n  t h e  i n t e r v a l  x  E j - 1  
< x < 6 .  Consequent ly ,  i n  s p e c i f i c  a p p l i c a t i o n s ,  t h e  g r i d  r h o u l d  be c h o r e n  
i f  p o s s i b l e  S O  t h a t  c - X j  - 1 i s  s m a l l  r e l a t i v e  t o  x j  - E ,  
Let t h e  N + 1-by+ + 1  d i a g o n a l  m a t r i c e s  [\TC- and bd b e  d e f i n e d  
by 
and 
ORIGINAL PAGE IS 
OF POOR QUALIP( 
Equat ion8 (26) and (27) now immediately rhau t h a t  t h e  ratricer (ell 1 wd  
[42 1 have t h e  t o m  
and 
In-plane ( l a g )  v i b r a t i o n s .  Ler v(x ,  t )  deno te  t h e  d e f l e c t i o n  of  t h e  
- 
beam i n  t h e  p l a n e  o f  r o t a t i o n ,  where t h e  t o t a l  mass d i r t r i b u t i o n  i r  a g a i n  
g iven  by ~ ( x )  i n  e q u a t i o n  (21).  Seeking e o l u t i o n r  of  t h e  form 
v ( x , t )  = x e t  now g i v e s  t h e  gove rn ing  d i f f e r e n t i a l  e q u a t i o n  
With t h e  excep t ion  of t h e  a d d i t i v e  c o n t r i b u t i o n s  
and A 2  H l  (x ,€ ), where G l  (x,F and HX ( x , t  a r e  d e f i n e d  by e g u a t i o n r  (26) 
and (27)  v i t h  ; r ep laced  by i ,  e q u a t i o n  (41) i s  i d e n t i c a l  t o  t h e  
c o r r e r p o n d i q  equa t ion  wi thout  concen t r a t ed  massee. An aryrarent  r i m i l a r  t o  
t h e  f l a p  c a a e  now g i v e r  t h a t  t h e  e i g e n v a l u e  problem a r r o c i a t e d  v i t h  (4  1) 
f o r  A and {a2) = 1 ' ~ ' )  1 i r  of  t h e  8- form a. (171, (201, and (29),  w i th  1 {A vl') 1 
[Gl 1 1 and [ A l 2  ) a8 i n  t h e  l a y  problem wi thou t  concent  r a t e d  m a r .  [GIZ ] a g a i n  
g i v e n  by (401, and [all 1 g i v e n  by t h e  e x p r e a a i o n  i n  (39) p l u r  t h e  a d d i t i o n a l  
te rm 
E x t c n r i o n ~ l  ( h x i a l )  V i b r a t i o n r .  kt u(x ,  t )  be t h e  a x i a l  extension of  t h e  
-- 
A t  berm and r e e k  s o l u t i o n r  o f  t h e  form u ( x , t )  z(v' e  . %en, t h e  g o v e r n i n 8  
d i f f e r e n t i a l  e q u a t i o n  f o r  t h e  r o t a t i n g  beam w i t h  c o n c e n t r a t e d  i n t e r i o r  mass 
is 
This  equa t ion  d i f f e r s  from t h e  c a s e  wi thout  c o n c e n t r a t e d  mass o n l y  t h rough  
t h e  a d d i t i v e  t e r m  
and 
Coneequently,  t h e  co r r e spond ing  e i g e n v a l u e  problem f o r  X and {e3) = 
w i l l  be of t h e  same form as ( 1 7 1 ,  (281, and (29) where [cl 1 ] and [Hi 1 1  are 
a s  in t h e  a x i a l  problem wi thou t  c o n c e n t r a t e d  mars, and ,  a8  (3 - [L] {;'I, 
and 
ORIGINAL PAGE IS 
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Boundary Hassea 
If t h e  concentra ted  mas8 M is placed d i r e c t l y  a t  t h e  f r e e  end o f  a 
r o t a t i n g  c a n t i l e v e r  beam, i . e .  E = a ,  one of t h e  free-end boundary 
cond i t ions  i s  replaced by th: equa t ion  of  motion o f  t h e  concen t ra ted  mass. 
For example, i n  t h e  f l a p  c a s e  t h e  boundary cond i t ions  a t  x = become 
and 
.. 
(EI w") ' - ~{il't w' + w l  0 t49b) 
An appropr ia te  l i m i t i n g  procedure may now be used t o  show t h a t  equa t ion  (23) 
f o r  t h e  i n t e r i o r  c a s e  y i e l d s  t h e  c o n d i t i o n s  of  equa t ions  (49)  a s  E rends  
t o  t. In t h i s  connection,  l e t  Lim denote the  l i m i t  aa  x + with  -5 3 x. 
'his l i m i t i n g  procedure t h u s  au tomat ica l ly  ensures  t h a t  5 + a s  x + a .  
Fur the r ,  a s  5 x, Dg(x) r 1. 
Applying t h e  1 imi t ing  procedure t o  e yuat ion (23) ilamediately g i v e s  
cons i s t en t  with (49a). D l 2 f e r e n t i a t i n g  (23) with r e s p e c t  t o  x wi th  5 3 x 
y ives  
Applying Lim t o  (50 )  now gives  (49b). This shows t h a t  equa t ion  (23) remains 
v a l i d  a s  E + t . This ,  i n  t u r n ,  imp1 iea t h a t  t h e  i n t e g r a t i n g  m a t r i x  focmula- 
t i o n  f o r  f l a p  v i b r a t i o n s  with i n t e r i o r  concentra ted  mass remains v a l i d  i n  
t h e  case  of a boundary mass. S imi la r  arguments, which w i l l  be omit ted ,  
involving equa t ion  (4 11, (441, and t h e  l t i t  in8 procedure show t h a t  inboard 
concentra ted  maor formulat ionr  f o r  t h e  l a g  and a x i a l  v i b r a t i o n 8  a180 hold  i n  
t h e  boundary mass ca re .  
VERIFICATION OF THE FORHULATION WITH 
CONCENTRATED MASSES 
To v e r i f y  the present  formulat ion of t h e  i n t e g r a t i n g  mat r ix  method 
inc lud ing  t h e  e f f e c t s  o f  concen t ra ted  masses, a  n m b e r  of beam problems were 
unalyred. These included t h e  f l a p ,  l ag ,  and a x i a l  v i b r a t i o n s  of  b e a m  with 
a  s i n g l e  inboard concen t ra ted  mass, a  t i p  mass only ,  and up t o  t e n  coacen- 
t r a t e d  masses plqced a long t h e  length  of the  beam. Both r o t a t i n g  and non- 
r o t a t i n g  s i t u a t i o n s  were cons ide red ,  Resu l t s  f a r  t h e s e  t e s t  casee  were 
co~npdced t o  knoun exact  s o l u t i o n s  and s o l u t i o n s  obta ined u s i n g  a  f i n i t e  
element proyram. In a1  1 c a s e s ,  r e s u l t s  ob ta ined  from t h e  i n t e g r a t i n g  m a t r i x  
formulation were found t o  be i n  e x c e l l e n t  agreement with t h e s e  o t h e r  
r e s u l t s .  For t h e  f l a p  and l ay  v i b r a t i o n s ,  t e s t  caves a l s o  inc luded  beams 
with ten concentrated masses of a p p r o p r i a t e  s i z e  and no d j e t r i b u t e d  masses, 
i . e . ,  m(x) Z O. Exce l l en t  agreement w i t h  o t h e r  r e s u l t s  was a l s o  ob ta ined  
f o r  these  cases .  I t  i s  worth n o t i n g  t h a t  t h e  i n t e g r a t i n g  mat r ix  formulat ion 
i s  r ~ c t  appropr ia te  t o r  t h e  a x i a l  v i b r a t i a v  o f  a  beam w i t h  only  concen t ra ted  
masses i f  u' i s  taken a s  the  dependt>nt v a r i a b l e  a s  i s  done he re .  Indeed, 
i f  d x )  - 0, equat ion ( 4 4 )  has  the  f u r ~ c t i o n a l  form AE u' c o n s t a n t ,  and t h e  
e igenvalue  c h a r a c t e r  of t h e  problem A S  l o s t .  
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